Starting from the notion of thickness of Parks we define a notion of robustness for arbitrary subsets of R k and we investigate its relationship with the notion of positive reach of Federer. We prove that if a set M is robust, then its boundary ∂M is of positive reach and conversely (under very mild restrictions) if ∂M is of positive reach, then M is robust. We then prove that a closed non-empty robust set in R k (different from R k ) is a codimension zero submanifold of class C 1 with boundary. As a partial converse we show that any compact codimension zero submanifold with boundary of class C 2 is robust. Using the notion of robustness we prove a kind of stability theorem for codimension zero compact submanifolds with boundary: two such submanifolds, whose boundaries are close enough (in the sense of Hausdorff distance), are diffeomorphic.
Introduction Definition 1 (ε-thick set).
A set M ⊂ R k is called ε-thick (with ε > 0) if for every x ∈ M there exists y ∈ M such that x ∈ B(y, ε) ⊂ M.
This notion is due to Parks [5] (see also [3] ). (B(y, ε) is the open ball with center y and radius ε, B(y, ε) is its closure.) We denote the set of ε-thick subsets of R k by T ε .
Definition 2 (ε-robust set).
We call a set M ⊂ R k ε-robust (with ε > 0), if M and M = R k \M are both ε-thick.
We denote the set of ε-robust subsets of R k by R ε : R ε = {M | M ∈ T ε and M ∈ T ε }. We call a set M ⊂ R k robust, if it is ε-robust for some ε > 0 and define its robustness as robustness(M) = sup{ε > 0 | M ∈ R ε }.
Definition 3 (ε-reach set).
Let ∅ = S ⊂ R k and ε > 0. S is said to be of ε-reach, if for all x ∈ R k with dist(x, S) < ε (where dist(x, S) = inf{|x − s|: s ∈ S}), there exists a unique point a ∈ S such that dist(x, S) = |x − a|.
This notion is due to Federer [1] . See also [4] . Define the ε-neighborhood of S as N(S, ε) = x ∈ R k dist(x, S) < ε .
For an ε-reach set S, we have the projection map (called the nearest point map)
π : N(S, ε) → S defined with the notations above as π(x) = a for all x ∈ N(S, ε). Note that for all points y on the line segment between x and a, π(y) = π(x) = a.
Lemma 4.
Let M ∈ R ε and a ∈ ∂M. Then there exist unique points a ∈ M and a ∈ M with |a − a| = |a − a| = ε such that B(a , ε) ⊂ M and B(a , ε) ⊂ M .
Proof. Let a ∈ ∂M belong to M. (The case a ∈ M can be handled similarly.) Then M ∈ T ε implies the existence of a point a ∈ M with a ∈ B(a , ε) ⊂ M. a must lie on the boundary of the disk B(a , ε), because otherwise a would be an interior point of M. We now choose a point a as the point on the line a a such that a is the middle point of the closed segment [a a ] (see Fig. 1 ). In order to prove B(a , ε) ⊂ M , consider a sequence (a n ) of points in M converging to a and for each n let c n be a point such that a n ∈ B(c n , ε) ⊂ M . By restricting to a subsequence if necessary we can assume that (c n ) converges to a point c. Since dist(c n , M) ε we conclude that dist(c, M) ε, so B(c, ε) ⊂ M . As |a n − c n | ε we conclude that |a − c| ε, but since a ∈ M, we get |a − c| = ε, and so |a − c| 2ε. Since B(a , ε) ∩ B(c, ε) = ∅, then |a − c| 2ε. Thus the distance the |a − c| = 2ε and c = a . We have thus proved that B(a , ε) ⊂ M .
In order to prove the uniqueness, assume the point a ∈ ∂M admits two pairs of points (a , a ) and (a , a ) with the required properties. Since B(a , ε)∩B(a , ε) = ∅, |a −a | 2ε and since |a −a| =| a −a| = ε, then |a −a | 2ε. We conclude that |a − a | = 2ε and that a is the midpoint of [a a ]. Similarly a is the midpoint of [a a ].
Obviously the pair of points (a , a ) also satisfies the required properties in the statement of the lemma, then as above we conclude that a is the midpoint of [a a ] as well. Then a = a and a = a . 
Now let c ∈ [a a), and assume |c − b| < |c − a| for some b ∈ ∂M. Then we would get |a − b| |a − c| + |c − b| < |a − c| + |c − a| = ε, thus dist(a , ∂M) < ε contradicting dist(a , ∂M) = ε. 2
We will denote the set [a a ] − {a , a } by (a a ) and call it the open segment associated to a ∈ ∂M. We will call (a a) ⊂ (a a ) the inner part of (a a ) and (aa ) ⊂ (a a ) the outer part.
We will now show that open segments associated to different points are disjoint: Hence, |b − a
(
ii) If (a a ) and (b b ) intersect along a common subsegment, then either b or b must belong to (a a ).
But that would give a distance to a less than ε, contradicting the fact that both b and b are at ε distance to ∂M. 2 We now show that the union of open segments associated to the points of ∂M is exactly the ε-neighborhood of ∂M.
Lemma 7. Let M ∈ R ε and (a a ) the open segment associated to a ∈ ∂M. Then a∈∂M (a a ) = N(∂M, ε).
Proof. By Remark 5, for any c ∈ (a a ) we have dist(c, ∂M) = |c − a| < ε. This shows c ∈ N(∂M, ε), i.e.
a∈∂M (a a ) ⊂ N(∂M, ε).
To see the other inclusion, let c ∈ N(∂M, ε). Since ∂M is closed, there exists a point a ∈ ∂M realizing the dist(c, ∂M). It can be c ∈ M or c ∈ M . Assume c ∈ M (the other case being similar). We want to show c ∈ [aa ).
Since B(a , ε) ⊂ M we have
On the other hand
Thus |c − a | = |c − a| + |a − a | and the three points c, a, a are collinear. Since c ∈ M , then c ∈ [aa ). 2
Relation with the concept of positive reach
We now investigate the relationship between robustness and positive reach.
and a ∈ ∂M and b ∈ ∂M be two points realizing dist(c, ∂M). Then, by the proof of Lemma 7 c ∈ (a a ) and c ∈ (b b ). But by Lemma 6 (a a ) and
is the closure of its interior points). If
Proof. We have to show that M and M = R k \M are both δ-thick for 0 < δ < ε. We show below that M is δ-thick.
As ∂M is of ε-reach, there exists a unique ξ ∈ ∂M with |x − ξ | = dist(x, ∂M). We first recall that for any other point y on the segment (xξ ) the nearest point on ∂M is again ξ . If, on the contrary, η ∈ ∂M were the nearest point to y, then the inequalities |x − η| |x − y| + |y − η| < |x − y| + |y − ξ | = |x − ξ | would give a contradiction. By this argument, for any point z ∈M ∩ N(∂M, ε) collinear with x and ξ , the associated nearest point on ∂M must be again ξ . We next show that we can define the point x ∈ M with the properties x ∈ B(x , δ) ⊂ M.
Let x ∈M ∩ N(∂M, ε) be the point collinear with x and ξ and with distance δ
As the last case, assume x ∈ ∂M. Because ofM = M, there exists a sequence {x n } of interior points of M converging to x. For every x n , there exists according to the preceding cases x n ∈ M with x n ∈ B(x n , δ) ⊂ M.
Choose a converging subsequence of {x n }, say {y n }, with limit y ∈M. Then we show that x ∈ B(y, δ) ⊂ M. 
Robustness of codimension zero submanifolds
In this section we give some relations between robustness and smoothness in R k . We use the notion of submanifold with boundary in the sense of Hirsch [2, p. 30]. Codimension of a submanifold is the difference between the dimension of the ambient manifold and the dimension of the submanifold. Thus, the term "codimension zero" means that the submanifold has top dimension (i.e. its dimension equals the dimension of the ambient space). Since ∂M is of r-reach the map Φ is injective and by Lemma 7 (applied for all 0 < ε < r), Φ is also onto. Since the normal vector N(a) is of class C s−1 , it is sufficient to prove that the map Φ is regular on ∂M × (−r, r) .
With the notations above
and
Since 1 − xκ i = 0 for all x ∈ (−r, r), we conclude that Φ is regular at (a, x). 2
Remark 11. If the differentiability class of M in Theorem 10 is less smooth than C 2 , then the conclusion need not hold, i.e. M might not be robust. A counter-example can be manufactured by using Example 4.4.12 in [4] . Proof. As M is ε-robust for some ε > 0, we can apply Lemma 7:
To make the dependence of a on a one-to-one, we use a smaller δ-neighborhood with δ < ε and denote the segment again by (a a ):
We define the following function (called the signed-distance to ∂M):
Since any x ∈ N(∂M, δ) belongs to a unique segment (a a ) associated to a ∈ ∂M, the restriction of f ∂M to N(∂M, δ), say f , is given by the formula:
We will show that f is of class C 1 with |∇f | = 1 (∇ = grad) on the whole domain. As ∂M = f −1 (0), this will yield the theorem. To this end, after fixing a segment (a a ), we consider two auxiliary functions f 1 and f 2 as signed-distance function to the δ-spheres around a respectively a , i.e. f 1 (x) = |x −a |−δ respectively f 2 (x) = |x −a |−δ for x ∈ N(∂M, δ).
It is easily seen that the inequalities −f 2 f f 1 hold. Likewise, it can be computed that Remark 15. The differentiability class in the conclusion of the Theorem 14 need not be higher than C 1 . As an example consider M ⊂ R 2 as indicated in Fig. 2 (as a union of a square and two half-disks).
A stability theorem of submanifolds
We will now prove a kind of stability theorem for codimension zero submanifolds with boundary in R k . By Theorem 10, a compact codimension zero submanifold with boundary in R k of class C 2 has positive robustness. Proof. Using Lemma 4 and Remark 5, one can see that for any a ∈ ∂M there exist unique points a ∈ M and a ∈ M such that
We consider the closed balls α = B(a , We can define the isotopy F t : R k → R k using the function h as follows: 
